We review the matrix model approach to the anomalous dimension matrix in N = 4 SYM. We construct the path integral representation for the anomalous dimension density matrix and analyze the resulting action. In particular, we consider the large N limit with different scalings of the coupling constant and find three essentially different regimes: string, noncommutative and membrane.
Introduction
The large N approach [1] provides a description of the quantized gauge models in terms of a geometrical expansion. This expansion is very similar to the string perturbative expansion in terms of geometrical genus. This old idea to describe the strongly coupled gauge model as a string model has found its so far best realization in the AdS/CFT conjecture [2, 3] . As a true duality, AdS/CFT correspondence relates the weakly coupled theory on the one hand with a strongly coupled on the other. Once proven, this theory would become a powerful tool for the description of both super Yang-Mills (SYM) theory and string theory. The same property, however, prevents all possible proofs to be easy. The first approaches to the problem were based heavily on the supersymmetry properties of the theories (see [4] for a review of that approach).
A substantial progress was achieved when it was realized that various limits of the correspondence could be considered. In particular, a Penrose limit of the AdS geometry [5, 6] was found to correspond to the pp-wave geometry, in which the string theory is solvable [7] . In SYM theory this corresponds to operators with a large R-charge J. Various spinning string solutions were found in [8] [9] [10] [11] [12] and the respective SYM sectors identified (see [13] for a review and a complete list of references).
On the other hand the extensive study of the SYM anomalous dimensions revealed the dilatation operator for one and higher loops [14, 15] leading as well to the discovery of integrability in the planar limit [16, 17] . Integrable structures discovered in SYM were compared to those of string theory and a pretty good match was found [18] [19] [20] .
At the same time the nonplanar regime of SYM theory and AdS/CFT correspondence was given much less attention to. In the two-impurity sector of the BMN limit it was shown [21] that nonplanar corrections correspond to splitting/joining of string-like configurations. For the spin description this resulted in a model with dynamical chain formation [22, 23] .
In this paper we are returning a little bit back and consider the anomalous dimension operator of [14] without going to the spin description. As was noted in [24] this operator can be regarded as the Hamiltonian of a matrix model in the Schrödinger picture 1 . We adopt this point of view and analyze the respective model. In particular we propose a path integral formula for the anomalous dimension density and analyze the large N limit of the path integral. The model is naturally described in terms of a gauge theory on a compact noncommutative space. Using the scaling properties of the SYM coupling the large N limit can be made to correspond to either the infinite volume limit of the noncommutative space, or to small noncommutativity, or to an intermediate situation were the scaling is "redistributed" among both. One may find this situation somewhat similar to the existence of phases in noncommutative quantum mechanics (see [26, 27] ), although the contexts are completely different.
The plan of the paper is as follows. In the next section we introduce the anomalous one-loop dimension operator and find the corresponding matrix model by passing to the path integral description of the partition function or Fourier transform of the eigenvalue density. A gauge invariant matrix model of reduced Yang-Mills type emerges as a result of taking into consideration the symmetries of the system. Then we find it suitable to represent the matrix model in terms of a gauge model on a compact noncommutative space. We choose the simplest case of the noncommutative torus, but other options like the fuzzy sphere are also possible. Finally we consider the large N limit of the obtained model in various (physical and non-physical) regimes and draw our conclusions.
Matrix model for anomalous dimensions
In this paper we consider the SU(2)-invariant sector of SYM operators which is generated by all gauge invariant polynomials of two complex combinations of SYM scalars. The one-loop anomalous dimension matrix for this sector was found in [28] . It can be written in a compact form as follows
where Φ a a = 1, 2 are the mentioned complex combinations of the SU(N) scalar field: Φ 1 = φ 5 + iφ 6 and Φ 2 = φ 1 + iφ 2 and checked letters correspond to the derivativesΦ
The operators under consideration are polynomials in Π a invariant under the SU(N) gauge transformation
Generally they can be imagined as a product of traces of products of Φ a 's. An alternative parameterization can be introduced using a permutation group element [22, 23] .
Therefore, the "physical states", i.e. the states on which the operator (2.1) is allowed to act, are given by gauge invariant polynomials of "rising operators" Φ a . Formally, this corresponds to projecting onto the gauge invariant sector of the Hilbert space by imposing the following condition:
where G is the generator of gauge transformations, 6) in contrast to usual one [·, ·] denotes the alternation in matrix matrix products.
As noted in [24] , the operator (2.1) can be regarded as the quantized Hamiltonian in the Schrödinger picture of a matrix model given by the classical Hamiltonian
the canonical Poisson bracket, 8) and the constraint
The relation of the classical model given by (2.7) and (2.8) on the one side and the operator (2.1) on the other can be easily checked by quantizing the former and going to the Schrödinger picture. A little less trivial approach is to go back and construct the path integral representation for operator (2.1) by considering the partition function
The meaning of the partition function (2.10) in the dual theory is clear: under given boundary conditions it describes respective string amplitudes. A less obvious fact is that it has a significant meaning also in the original SYM theory. In fact, up to a multiplicative factor, the partition function gives the Hamiltonian H (2) eigenvalue density function or SYM anomalous dimension distribution. Indeed,
where the sum over the eigenvalues λ k should be understood in a broad sense, including both summation over the discrete set and integration over the continuous one. Let us describe briefly the derivation of the path integral. As usual, one should split the time interval τ in L smaller pieces ∆ = τ /L and write the exponential under the trace in (2.10) as a product over these pieces
Now we should employ the oscillator coherent sates
Inserting the unity operator decomposition
between each factor in (2.12) and taking the limit L → ∞, one gets the partition function
where the action S(X,X) is given by
with X a and their Hermitian conjugateX a being N × N time-dependent matrices in the adjoint representation of SU(N).
The action (2) is manifestly invariant with respect to constant unitary conjugation
In fact, the full theory is invariant with respect to bigger group of timedependent (U = 0) gauge transformations. Indeed, an infinitesimal transformation of the action with U = e u ≈ 1 + u produces the following term:
It is proportional to the quantity G(X) = −[X,X] which for the physical states is identically zero, since
Therefore, the path integral (2.15) can be regarded as one corresponding to the gauge invariant action
where A 0 is the time (and unique) component of the SU(N) gauge field, in the temporal gauge A 0 = 0. The gauge fixed non-invariant form of the action appeared due to the gauge non-invariance of the resolution of unity (2.14). Indeed, the action of the generator of the infinitesimal gauge transformation tr uG(Φ,Φ), u ∈ SU(N) on a coherent state |X yields
One can improve this situation by restricting the integration solely over the physical coherent states satisfying (2.20) . This can be implemented by introducing in place of the unity of the projector to the physical sector
In spite of manifest gauge invariance of the procedure the expression for the projector (2.23) can not be considered yet completely satisfactory. In fact, now there is "too much" gauge invariance since both the integrand and the measure are gauge invariant. Therefore there is an extra dummy integration over the gauge group SU(N) in (2.23). Normally, as SU(N) is compact this not a big trouble, but since we are inserting this integration an infinite number of times, this could be a source of potential divergencies. This situation is completely equivalent to that in any theory with gauge invariance and it is solved in a similar way. Namely, one can explicitly break the gauge invariance by introducing a gauge fixing term F gf . In this case the physical state projector looks like
where χ is the Lagrange multiplier for the gauge fixing constraint F gf = 0 and ∆ FP (X) is the famous Faddeev-Popov determinant 4 , defined as
Now it is not difficult to see that, using the gauge fixed projector to the physical sector (2.24) instead of unity, one gets the BRST invariant form of the path integral,
where
is the gauge invariant action, ∇ 0 X = ∂ 0 X + [A 0 , X], λ is the Lagrange multiplier implementing the gauge fixing condition F gf = 0, and M FP is the Faddeev-Popov operator defined by
Obviously, the gauge transformation of the unique gauge field component A 0 is given by
Noncommutative torus representation
The gauge invariant classical action (2.26) resembles a lot a Yang-Mills-type model. Drawn by this, we will rewrite in this section the action (2.26) in terms of Yang-Mills theory on a two-dimensional noncommutative torus. In fact, the choice of the two dimensional torus is not special, it is dictated just by the simplicity of the space. In general, using the compact form of the maps of noncommutative gauge theories considered in [31] [32] [33] (see also [34] ) one can pass among different theories on Morita equivalent noncommutative spaces [35] . The two dimensional noncommutative torus is defined by the "coordinate operators" U and V subject to the following commutation relations:
This algebra can be embedded into a usual Heisenberg algebra
with q = e 4π 2 iθ . On the other hand, when q is a N-th root of unity: q N = 1, i.e. when θ = 1/2πN, the dimensionality of the irreducible representation of the algebra is finite and equal to N. Indeed, U and V can be represented in terms of the following N × N unitary matrices:
where no summation is assumed over repeating indices. We leave to the reader the proof that any arbitrary N × N matrix F can be expressed as a Weyl ordered polynomial of degree up to N − 1 in respectively U and V
where W mn is the Weyl ordered product of V m and U n . In the terms of the Heisenberg algebra embedding
Based on eq.(3.4), one can construct a one-to-one map from N × N matrices to functions on unite two-dimensional torus,
The matrix product under this map is replaced by the noncommutative star product
where the left/right arrow indicates that the derivative acts of F (x, y) or G(x, y) respectively. Some other useful properties are that (i) the trace of a matrix is given by the integral over the torus of the corresponding function,
and (ii) commutators of a noncommutative torus function with x and y correspond to the derivative over respectively y and x
which allow one to express the derivatives of a function in an algebraic way and viceversa to rewrite algebraic expressions as derivatives.
Using all the above properties, one can rewrite the gauge invariant action of the matrix model
where X a andX a are now functions on the torus and the star-commutators are defined using the star product (3.7) 11) in the form of Yang-Mills type action
where Greek indices run over the time and torus µ, ν, · · · = 0, 1, 2 and the gauge field strength is defined by
while the spacial part of the gauge field A a , a = 1, 2 is defined through the relation
where ǫ ab is the two dimensional antisymmetric tensor with only non-zero components ǫ xy = −ǫ yx = 0. Eq.(3.14) gives the splitting of matrix field X a into the partial derivative and the gauge field parts. Strictly speaking, operators/functions x a are not consistently defined on the noncommutative torus space, but only modulo an integer operator. This means that the gauge field A µ itself is defined modulo an integer valued function. This situation however is completely analogous to the ordinary gauge theories, where the gauge field is not a physical quantity and should not necessarily be uniquely defined. The gauge field strength instead is well defined in both cases of ordinary gauge theory and in our model. Let us note that another "oddity" of the obtained model is that the gauge field is complex valued.
Large N limit(s)
In this section we discuss the models which are obtained as N grows large. As we will see, the possibility is not unique and, as it usually happens, the result depends on the scaling of the coupling in this limit. In this section we forget about the SYM perturbative origin of the model and treat it in an independent way, e.g. by considering arbitrary values of SYM couplings.
Planar 't Hooftian limit
In this case the 't Hooft coupling λ pl = g 2 YM N is kept finite. Then the action takes the form
The factor 16π 2 N 2 can then be absorbed by rescaling the toroidal coordinates
As N goes to infinity the volume of the noncommutative torus diverges Therefore, one has a noncommutative Yang-Mills-type model on the plane, in the limit of strong noncommutativity. As it is known, at least in the framework of perturbation theory, only the planar Feynman diagrams contribute for the path integral [36] . The theory in this limit becomes well defined, completely integrable, and it is described by the Heisenberg XXX 1/2 spin chain [16] .
Stringy noncommutative Yang-Mills limit
Another case is Yang-Mills theory in the 2+1 plane with noncommutative spatial directions, a model arising in the ambiance of string theory.
This limit is achieved keeping g YM finite as N → ∞. Again the starting point is the action (3.12), where we make the following rescaling of the torus coordinates: The volume in this limit also diverge, but compared to the first case at a slower rate: V ol ∼ N. This model has consistency problems related to the non-renormalizability consequence of IR/UV mixing [37, 38] .
Membrane limit
The most convenient starting point for this case is the matrix form of the action (2.26). In order to get the membrane limit we hold λ
2 N finite. In this case no rescaling of noncommutative coordinates is needed. As N approaches infinity, the algebra generated by x a becomes commutative with vanishing noncommutativity parameter θ = 1/2πN → 0. As this happens, one can replace the commutators of noncommutative functions with the leading contribution
where {·, ·} stands for Poisson Bracket,
The general factor N in the action (2.26) in this limit plays the role of the inverse Planck constant (compare to the exponential i S in the path integral). Then, after the rescaling of the fields
the N → ∞ limit results in the classical theory with the membrane action
where X a andX a are functions on the ordinary (commutative) torus. Action (4.9) is nothing else than the action of a membrane in the Schild gauge (see e.g. [39] ).
Unlike the limits above, this case is sensitive to the type of noncommutative space we choose to represent the algebra of N × N matrices. Thus, choosing the noncommutative coordinates to satisfy the su(2) algebra instead of (3.1), one would get in the N → ∞ limit a theory of spherical membranes rather than toroidal ones. In fact, all cases with different geometries of the membrane correspond to different classical models of the same universality class of quantum membrane theory. A similar situation -but when it is the gauge group which varies -was met in [40] .
Some general remarks are in order. In all cases we made rescalings of either the coordinate operators or of the fields by diverging factors. Normally, such rescalings, which are primitive analogues of a renormalization are accompanied with the appearance of a dimensional constant (unity) κ such that the dimensional quantities are expressed in this unities. In particular, the noncommutativity parameter in (4.6) (or (4.4)) is expressed in terms of this unity as 32πκ 2 (respectively, 8πNκ 2 ) which can be used to extract the dimensional unity κ. This is similar to the procedure one uses in lattice renormalization (for a review of field theory on lattice see e.g. [41] )
Another point is the viability of the limits from taking into account the Yang-Mills perturbation theory origin of the Hamiltonian (2.1), which assumes the smallness of g YM . In the shed of this light the planar limit is the most reliable one since it corresponds to a convergent series in λ pl . The stringy limit corresponds to an asymptotical series in g YM which can be trusted with a caution. The last, i.e. that of the membrane, case corresponds to a large Yang-Mills coupling g YM → ∞ for which the ordinary perturbation series is not applicable, or at least the one-loop contribution is not the leading one. Fortunately, the general properties of the N → ∞ limit depend only on the scaling behavior of the anomalous dimension operator and not on its particular form (on which the explicit form of the action depends). Thus, for the L-loop level the anomalous dimension operator is expected to have the symbolic form (see Ref. [15] )
where the operators Φ andΦ are organized in 2L commutators. As N goes to infinity the commutators produce Poisson brackets times a factor ∼ 1/N L . Thus the L-loop contribution will enter with the factor proportional to λ L m , which becomes the expansion parameter and will be expressed in terms of 2L Poisson brackets. Another argument supporting the meaning of this limit is as follows. From the original super Yang-Mills model with the coupling g YM one can pass to the dual magnetic description with the effective coupling g YMm = 1/g YMe for which one may expect to have an analogous expression for the anomalous dimension for very large g YM .
Discussion
In this paper we considered the matrix interpretation of the super YangMills anomalous dimension operator in the SU(2) sector of the theory. We constructed a matrix path integral representation of the trace of the exponential of the anomalous dimension operator, which in the dual theory has the meaning of the partition function, while in the original SYM model it gives the Fourier transform of the anomalous dimension density.
The path integral representation appeared particularly useful for the analysis of the large N limit of the behavior of the anomalous dimension operator. As we introduce the noncommutative space parametrization for our model this becomes the path integrals over the space of noncommutative function as obtained by the canonical quantization [42, 43] .
One can probe various regimes for the Yang-Mills coupling as N goes to infinity. In particular, when g 2 YM N is kept finite one has noncommutative gauge theory in the planar limit. On the other hand, this limit it is known to produce the integrable spin chain description. We find it remarkable that 't Hooft limit of noncommutative gauge theory, with noncommutativity parameter θ going to infinity but keeping g 2 YM θ finite, is the same as a spin chain. Although, we should recognize that the gauge theory we deal with is rather exotic: the gauge field is complex valued and not Hermitian.
Another rather curious extremal case is when the noncommutativity goes to zero, keeping at the same time the value g 2 YM θ finite. This limit corresponds to various membrane systems. Strictly speaking, this limit goes beyond the perturbative Yang-Mills approach, for which the one-loop anomalous dimension is meaningful. However one can speculate that this corresponds to the weakly coupled anomalous dimension in the dual magnetic theory. This picture appears very attractive since, according to it, the AdS/CFT correspondence maps directly the electric-magnetic duality of SYM into the string-membrane duality of string theory. Also, it provides a connection with the pp-wave matrix theory proposed in [44] . Whether this is correct or not it remains to be seen in the future.
As a future development it would be interesting to extend the analysis to the whole SYM spectrum. In particular, it would be interesting to apply the matrix model approach to the study of doubling effects in the presence of fermions [23, [45] [46] [47] . (Let us note that the doubling problem in the context of matrix model was already addressed in [48] [49] [50] ).
